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B.A/B.Sc.1
st 

Semester (Honours) Examination, 2021 (CBCS) 

Subject: Mathematics 

Course: BMH1CC02 (Algebra) 

 

Time: 3 Hours         Full Marks: 60 

 

The figures in the margin indicate full marks. 

Candidates are required to write their answers in their own words as far as practicable. 

[Notation and Symbols have their usual meaning] 

 

1.    Answer any six questions:        6×5 = 30 

(a)  Show that there does not exist any surjective map from a set 𝑋 to its power set 𝒫 𝑋 . [5] 

(b)  If α, β, γ are the roots of the equation 

𝑥3 − 7𝑥2 + 𝑥 − 5 = 0,  

find the equation whose roots are α + β, β + γ, γ +  α. 

 

 

[5] 

(c)  Show that for all odd integers n,  gcd(3n,3n+2)=1. [5] 

(d)  Calculate the Sturm’s function and locate the position of the real roots of the equation 

𝑥3 − 3𝑥 − 1 = 0 .  

[5] 

(e)  Show that   1, 𝛼, 𝛼2 ,  1, 𝛽, 𝛽2 , (1, 𝛾, 𝛾2)  is a linearly independent subset of ℝ3
 for 

all distinct real numbers 𝛼, 𝛽, 𝛾.  

[5] 

(f)  State and prove De Moivre’s theorem for integral values of index. [1+4] 

(g)  Show that the eigenvalues of a real symmetric matrix are real. Is the converse true? 

Justify your answer.  

[3+2] 

(h)  If 𝑝 is prime and 𝑝 divides 𝑎𝑏, where a and b are integers. Prove that either 𝑝 divides 

𝑎  or 𝑝 divides 𝑏.  

[5] 

 

2. Answer any three questions:       10×3 = 30 

(a) (i) For any eigenvalue 𝛼 of matrix 𝐴 = (𝑎𝑖,𝑗 )𝑛×𝑛 , show that the set of all eigenvectors of 

A belonging to 𝛼 is a subspace of ℝn
. 

[4] 

 (ii) State Caley-Hamilton theorem. Using it, determine the inverse of the matrix, 

1 0 1

0 1 1

1 1 1

 
 
 
  

. 

[1+5] 

(b) (i) Let X be an eigenvector of an 𝑛 × 𝑛 real matrix A associated with an eigenvalue 𝛼. 

Prove that 𝑃−1𝑋 is an eigenvector of the matrix 𝑃−1𝐴𝑃  associated with 𝛼. 

[4] 

 (ii) If d= gcd(a,b), then prove that there exists 𝑢, 𝑣 ∈ ℤ such that d= au+bv  where a, b are 

two non zero integers. 

[6] 

(c) (i) For 𝑎, 𝑏 ∈ ℕ , define 𝑎 ∽ 𝑏  if and only if 𝑎2 + 𝑏 is even. Prove that ∼ defines an 

equivalence relation.  

 

[5] 

 (ii) If 𝑎, 𝑏, 𝑐 are positive real numbers, prove that 𝑎4 + 𝑏4 + 𝑐4 ≥ 𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐). [5] 
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(d) (i) If  2𝑐𝑜𝑠𝜃 = 𝑥 +
1

𝑥
 and 𝜃 is real, prove that 2 cos 𝑛𝜃 = 𝑥𝑛 +

1

𝑥𝑛 , n being an integer. [5] 

 (ii) Prove that a mapping 𝑓: 𝑋 → 𝑌 is one-to- one iff 𝑓 𝐴 ∪ 𝐵 = 𝑓(𝐴) ∪ 𝑓(𝐵). [5] 

(e) (i) Let 𝑋 =  1,2,3 . Find all equivalence relations on X. [6] 

 (ii) Show that the number of primes is infinite. [4] 

 


